The convergence feature of two types of plane-wave expansion methods commonly used for photonic crystals is analyzed. It is shown that the reason for the slow convergence of these plane-wave expansion methods is not the slow convergence of the Fourier series for the permittivity profile of the photonic crystal but the inappropriate formulation of the eigenproblem. A new formulation of the eigenproblem is presented to improve the convergence in the one-dimensional case. © 2002 Optical Society of America OCIS codes: 070.2590, 260.2030, 260.2110 Determination of the solution of Maxwell's equations in a periodic piecewise-constant medium is required in analyzing problems for both surface-relief gratings and photonic crystals. One of the most popular approaches for these problems is the modal method by Fourier expansion, commonly referred to as the coupled-wave method 1,2 for surface-relief gratings and the plane-wave expansion method 3,4 for photonic crystals. Through Fourier expansion, Maxwell's equations are converted into a linear algebraic system, which is often expressed as an eigenvalue problem. In the numerical implementation of such a method, one has to truncate the Fourier series, and the convergence problem may be severe. 1, 5 It has been shown that for surface-relief gratings an appropriate formulation of the eigenvalue problem is very important for the convergence, and the convergence rate of the coupled-wave method can be improved significantly by reformulating the eigenvalue problem.
Determination of the solution of Maxwell's equations in a periodic piecewise-constant medium is required in analyzing problems for both surface-relief gratings and photonic crystals. One of the most popular approaches for these problems is the modal method by Fourier expansion, commonly referred to as the coupled-wave method 1,2 for surface-relief gratings and the plane-wave expansion method 3, 4 for photonic crystals. Through Fourier expansion, Maxwell's equations are converted into a linear algebraic system, which is often expressed as an eigenvalue problem. In the numerical implementation of such a method, one has to truncate the Fourier series, and the convergence problem may be severe. 1, 5 It has been shown that for surface-relief gratings an appropriate formulation of the eigenvalue problem is very important for the convergence, and the convergence rate of the coupled-wave method can be improved significantly by reformulating the eigenvalue problem. 6, 7 When converting Maxwell's equations to equations in the discrete Fourier space, the main problem is the appropriate Fourier transform of the product h(x) ϭ f(x)g(x), where f(x) and g(x) are periodic functions and may be discontinuous at some special points; however, the product h(x) remains continuous at these points. The straightforward Fourier transform (referred to as Laurent's rule) gives ͓h͔ ϭ ͠ f ͡ ϫ ͓ g͔, where ͓h͔ and ͓ g͔ are the vectors with the mth element h m and f m , respectively, and ͠ f ͡ denotes the Toeplitz matrix of function f with the (m, n)th element being f mϪn (here f m , g m , and h m are the mth Fourier coefficients of functions f, g, and their product h, respectively). This type of Fourier transform cannot preserve the continuity of h(x) at these special points. The appropriate Fourier transform should be ͓h͔ ϭ ͠ 1/f ͡ Ϫ1 ͓ g͔, and this transform is referred to as the inverse rule. 7 For photonic crystals, there are two different formulations of the eigenvalue problem that have been commonly used in the literature, namely, the conventional planewave expansion method (CPWEM) 3 and the plane-wave expansion method proposed by Ho et al. 4 Unlike for the case of surface-relief gratings, the eigenvalue equation in the CPWEM for a photonic crystal in the discrete Fourier space is derived from a second-order differential equation that is obtained from Maxwell's equations. By replacing the Toeplitz matrix ͠ 1 ⑀ ͡ with ͠ ⑀͡ Ϫ1 (⑀ is the permittivity profile), Ho et al. obtained an alternative formulation for the eigenvalue problem. 4 Some numerical results have been provided to show the improvement of the convergence by Ho's formulation. However, it seems that the convergence is still not satisfactory. 8 In this paper we show that neither the CPWEM nor Ho's method can solve the convergence problem well. We present a new and appropriate formulation of the eigenvalue problem to improve the convergence in the one-dimensional (1D) case. We also analyze briefly the reason for the slow convergence of the two existing plane-wave expansion methods in the case of higher dimensions.
Consider a 1D photonic crystal that consists of alternating layers of dielectric media with two different permittivity values (⑀ 1 and ⑀ 2 ) along the x axis (see Fig. 1 ). The electromagnetic field propagates in the xz plane, and the system is invariant in the y direction. The electromagnetic wave can be decomposed into two modes in such a structure, namely, the E-polarization mode and the H-polarization mode. The electric field has the form E ϭ E z ê z for the E-polarization mode and the form E ϭ E x ê x ϩ E z ê z for the H-polarization mode. In the 1D case, we choose the H-polarization mode to analyze since the electric field has both continuous and discontinuous components for this mode. The fields satisfy the following Maxwell's equations for H polarization,
‫ץ‬H y
where is the angular frequency of the electromagnetic field, ⑀ 0 and 0 are the permittivity and permeability in vacuum, respectively, and ⑀ is the relative permittivity. By applying Bloch's theorem, we can express the field components in Fourier series,
where k x and ␤ are the x and z components of the wave vector, respectively, and q m ϭ 2m/⌳ (⌳ is the period of the permittivity profile). Substituting Eqs. (4) and the expression of ⑀ in Fourier series into Eqs. (1)- (3) and taking the Fourier products of the right-hand sides of Eqs. (2) and (3) with Laurent's rule, we obtain the following algebraic equations,
where K is a diagonal matrix with (m, m) elements of (q m ϩ k x ). From Eqs. (5)- (7) we obtain the following eigenvalue equation for H polarization
Obviously, Eq. (8) is simply the formulation adopted by Ho et al. 4 It seems to be more reasonable to derive this formulation in the above procedure instead of directly replacing the Toeplitz matrix ͠ If we adopt the inverse rule (instead of Laurent's rule) for the Fourier product of the right-hand sides of Eqs. (2) and (3), we can obtain the following eigenvalue equation:
This matrix equation is simply the final formulation used in the CPWEM. 3 In fact, which rule (the inverse rule or Laurent's rule) should be applied depends on the specific form of each equation. In Eq. (2), both functions ⑀ and E x are discontinuous at the interfaces of the dielectric layers, but their product is continuous at the interfaces (owing to the continuity of ‫ץ‬H y /‫ץ‬z ϭ i␤H y at the interfaces). Therefore we should apply the inverse rule to the right-hand side of Eq. (2) when taking the Fourier transform. In Eq. (3), E z is continuous everywhere, and consequently the product of ⑀ and E z is discontinuous at the interfaces of the dielectric layers. Thus we should apply Laurent's rule to the right-hand side of Eq. (3) when taking the Fourier transform. Applying the inverse rule to the right-hand side of Eq. (2) and Laurent's rule to the right-hand side of Eq. (3), we obtain the following equations in the discrete Fourier space:
)
From Eqs. (10)-(12) we obtain the following new eigenvalue equation:
The new formulation should have the advantage of faster convergence over the two formulations commonly used. To verify this, we choose the same numerical example used in Ref. 9 . The parameters are ⑀ 1 ϭ 1, ⑀ 2 ϭ 13, and f 1 ϭ f 2 ϭ 0.5, where f i , i ϭ 1, 2 , is the filling factor of medium ⑀ i . To compare the convergence rates of the different formulations of the eigenproblem, we fix the wave vector in the numerical computation.
First we consider a special case when ␤ ϭ 0. In this case the electric field for H polarization has only one nonzero component (E z ), and thus the new formulation and Ho's formulation become the same. Figure 2 shows the eigenfrequencies (normalized) at the first two bands (calculated with different eigenproblem formulations) as the number of plane waves employed in the calculation increases. From Fig. 2 one sees that the new formulation (or Ho's formulation) provides a remarkably faster convergence than the conventional formulation [Eq. (9)].
We then consider a more general case when ␤ 0. We choose ␤ ϭ /⌳ so that the electric field has a nonzero x component comparable with its z component at the interfaces of the dielectric layers. Figure 3 shows the convergence of the normalized eigenfrequencies at the first two bands as the number of plane waves increases for the three different formulations of the eigenproblem. From (9)]. Furthermore, from Fig. 3(b) we note that Ho's formulation has no advantage in convergence over the conventional formulation at the second band (however, the convergence is improved significantly by the new formulation).
From the above analysis for a 1D photonic crystal, one sees that the convergence of the plane-wave expansion method can be improved significantly for H polarization by reformulating the eigenproblem. Our analysis has shown that the slow convergence of the plane-wave expansion method is due to the inappropriate formulation of the eigenproblem but not to the slow convergence of the Fourier series of the permittivity (or electric field) in a photonic crystal, as incorrectly claimed by Sözü er et al. 5 For E polarization, it is obvious from the above analysis that Ho's method does not require any modification.
For a two-dimensional (2D) photonic crystal, an inplane propagation wave can also be decomposed into two modes (as in a 1D photonic crystal), namely, the E-polarization and H-polarization modes. Consider the Fourier transform of Maxwell's curl equation ٌ ϫ E ϭ Ϫi⑀ 0 ⑀E, particularly the product of ⑀E (i.e., the displacement field). For E polarization the electric field is continuous everywhere, and thus one should apply Laurent's rule. One can verify easily that the resulting formulation is identical to Ho's formulation. Therefore one can expect that Ho's formulation will converge faster than the conventional formulation, which is derived by applying the inverse rule. This is verified by the numerical results shown in Fig. 4(a) for a 2D photonic crystal formed by a square array of dielectric columns (with ⑀ ϭ 8.9 and radius r ϭ 0.2a, where a is the lattice constant) in air. For H polarization the Cartesian components of the electric field as well as the displacement field (i.e., the product ⑀E) are in general discontinuous at the boundaries of the dielectric inclusions (though the tangential components of the field are continuous there; note that it is difficult to apply a plane-wave expansion method in a cylindrical coordinate system). Thus the product ⑀E cannot be Fourier transformed by either Laurent's rule or the inverse rule. Consequently, we would expect that neither Ho's formulation nor the conventional formulation can provide a fast convergence for the case of H polarization (as compared with the case of E polarization). This is verified by the numerical results shown in Fig. 4(b) for the same 2D photonic crystal as used for Fig. 4(a) . From  Fig. 4 one can see that the slow convergence of the planewave expansion method in the 2D case is also due to the inappropriate formulation of the eigenproblem but not to the slow convergence of the Fourier series of the permittivity profile (otherwise, Ho's formulation should give a similar convergence rate for both E polarization and H polarization). This conclusion also holds for any out-ofplane propagation in a 2D photonic crystal and for threedimensional (3D) photonic crystals.
The appropriate formulation of the eigenproblem for a 3D case or H polarization in the 2D case cannot be obtained by the simple strategy that we have used for 1D photonic crystals. This problem is difficult and needs to be solved in the future.
